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This paper discusses the development of an adaptive discrete-time robust nonlinear filtering technique, and the
application of this technique to the six-degree-of-freedom elliptical orbit rendezvous and docking problem. The
proposed adaptive nonlinear filtering technique is based on a robust modification of the divided-difference filtering
method based on Huber’s generalized maximum likelihood estimation, blended with a robust covariance matching
procedure based on a modified Myers—-Tapley method. In particular, the adaptive scheme can estimate the process
noise and measurement noise covariance matrices along with the state estimate and state estimate error covariance
matrix, which uses a robust approach to estimating these covariances that can resist the effects of outliers in the

stored buffer of residuals.

I

HE development of navigation filters that make use of these

robust techniques is important due to the sensitivity of the
typical minimum £, norm techniques, such as the Kalman filter, to
deviations in the assumed underlying probability distribution. In
particular, those distributions with thicker tails than the Gaussian
distribution can give rise to erratic filter performance and
inconsistency of results. A class of filtering techniques based on
Huber’s generalized maximum likelihood estimation theory have
been previously developed which provide robustness with respect to
these deviations from the Gaussian case [1]. Additionally, if the
assumed parameters of the distribution differ greatly from the true
parameters, then the filter can exhibit large errors and possibly
divergence in nonlinear problems [2]. This behavior is possible even
if the true error distributions are Gaussian. To remedy these
problems, adaptive filtering techniques have been introduced in order
to automatically tune the Kalman filter by estimating the measure-
ment and process noise covariances [3].

The Huber-based formulations of the filtering problem also make
some assumptions regarding the distribution, namely the Huber
approach considers a class of contaminated densities in the
neighborhood of the Gaussian density. Essentially the method
assumes that the statistics of the main Gaussian density are known, as
well as the ratio or percentage of the contamination (although the
filter makes no assumption of the nature of the contaminating density
other than it be symmetric with finite variance). The technique can be
improved upon by the introduction of a method to adaptively
estimate the noise statistics along with the state and state error
covariance matrix.

One technique in common use for adaptively estimating the noise
statistics is known as covariance matching. The covariance matching
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technique is an approach in which the measurement noise and
process noise covariances are determined in such a way that the true
residual covariance matches the theoretically predicted covariance.
The true residual covariance is approximated in real time using the
sample covariance, over some finite buffer of stored residuals. An
explicit solution to the covariance matching problem is proposed by
Myers and Tapley in [4] which uses the sample mean and sample
covariance of the stored residuals in order to estimate the
measurement and process noise covariance matrices. The drawback
to this approach is that the presence of outliers and non-Gaussianity
can create problems of robustness with the use of sample mean and
sample covariance. Therefore some additional steps must be taken to
identify the outliers before forming the covariance estimates. The
particular outlier identification method proposed in this paper is
based on quantities known as projection statistics [5], which use the
sample median and median absolute deviation, and as a result are
highly effective technique for outlier identification. These projection
statistics are employed in this paper as weights in a new, robust
covariance matching procedure in order to reduce the influence of the
outliers.

The hybrid robust/adaptive nonlinear filtering methods introduced
in this paper are applied to the problem of six-degree-of-freedom
(DOF) rendezvous navigation in elliptical orbit. The equations of
relative motion are formulated in spherical coordinates centered on
the target orbit. A simple control law based on feedback linearization
is used to track a desired rendezvous trajectory. The attitude
dynamics are parameterized using modified Rodrigues parameters
(MRPs) [6], which are advantageous for both control law
development and estimation since they constitute a minimal three-
parameter attitude description. A switching technique which exploits
the stereographic projection properties of the MRP coordinate is used
to avoid singularities which inevitably arise in minimal attitude
descriptions. This switching, described in [7], includes the proper
covariance transformations. An attitude control law based on
backstepping is employed to track the target vehicle.

A sensor suite consisting of a generic light detection and ranging
(LIDAR) or optical sensor, an inertial measurement unit (IMU), a star
tracker, and a generic orbit sensor are used to provide measurement
data to the navigation filters so that the chaser vehicle can estimate its
relative state during the rendezvous maneuver. Several filters are
implemented for comparison, including the extended Kalman filter,
first and second-order divided-difference filters (DD1 and DD2,
respectively) and Huber-based generalizations of these filters that
include adaptive techniques for estimating the noise covariances.
Monte Carlo simulations are presented which include both Gaussian
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and non-Gaussian errors, including mismatches in the assumed noise
covariances in the navigation filters in order to illustrate the benefits
of the robust/adaptive nonlinear filters. Additionally, computational
burdens of the various filters are compared.

II. Robust Huber-Based Nonlinear Filtering

This section discusses the problem of estimating the state of the
system of ordinary differential equations:

x=f(xuv1) (1

where x is the state vector, u are the deterministic inputs to the
system, and v are random process noise inputs to the system. The
mean value of v is v = 0 and its spectral density is Q. It is assumed
that the state of the system can be measured at discrete times in the
form of a model given as

Yi=h(x,) + w, 2)

where the subscript k refers to the value of the parameter at time 7, y;
is the measurement at time #;, and w is the measurement noise at
time #,. The mean value of w, is w, = 0 and its covariance is R;.

A. Robust Extended Kalman Filtering

The Kalman filter is a well-known technique for estimating the
state of systems of differential equations described in the form
providedin Egs. (1) and (2). In this approach, the state and covariance
predictions are given as

1,
=% +/k fx,u, 9, 0)dr 3)
t—1

P,=P,_, + / " [AE®), DP®) + P(OAE®), )T
+ B(x(1). N Q(1)B(x(r), 1)"]dr “)

where x; is the predicted value of the state at time 7, based on the
estimated value of the state at time #,_,, whichis £,_, . Similarly, P, is
the predicted state error covariance matrix at time #;, and f’k_, is the
estimated state error covariance matrix and time #,_;. Also, the
matrices A and B are given by

_f

A= ox x=#(1),v=p ©)
_f

B@)= o x=¥(1).v=p ©

The discrete-time covariance propagation is written as Py, | =
<I>kIA’k<I>Z + Q, where ®, is the state transition matrix and Q, is the
process noise covariance matrix. Both of these quantities are
determined jointly through the relation [8,9]

—A BOBT X X X o !
exp([ 0 Q1T i|8t) = |: Ell X’Zi| = |: 11 k ]{Qk]

leading to the result ®,=XJ, and Q= ®.X,,, where
8t = 1, — t,. Note that these relationships and the use of the state
transition matrix are approximations that are true only when the state
dynamics matrix is constant. These approximations generally work
well when the process is slowly varying and/or the sampling rate is
sufficiently high for a particular problem.

Equations for the state and covariance updates result in the
iteratively reweighted Kalman algorithm given by [10]

2 =5 + Ky — h(E)] ®)

Pr=(1- Kka)P/lc/z‘I’;IP/lc/z 9
where m is an iteration index and

K = B B B, B + R R
(10)

The quantities ¥, and ¥, are diagonal matrices computed from the

Huber ¢ function, given by ¥/(&;) = ¢(&;)/&;, where ¢(&;) = 0/ (&;)
and

1 for |§;| <y
N E1S 11
p(&) {V|;’,| _%VZ for |§;] =y (o

with residual vector

—1/2 _ =

0 le/z X =X

B. Robust Divided-Difference Filtering

The divided-difference filtering equations rely upon a discrete
representation of the system dynamics, in which the differential
equation in Eq. (1) is replaced with a difference equation of the
form [11]

X = Fx v, 1) 13)
and the measurement equation is given by
Vi =Gxp, wi, 1) (14)

where y, is the measurement at time #,, and w, is the measurement
noise at time 7. The mean value of w;, is w; = 0 and its covariance is
the matrix R,.

The following square-root decompositions of the predicted state
error covariance, P, corrected state error covariance, ﬁk, process
noise covariance, Q;, and measurement noise covariance, R, are
defined as

A AAT - = ar
Pk = Skax;(v Pk = Sxksxk

Qk = Svk Sa, R, = ka Sgk (15)

Also, the jth column of 5, is referred to as §,,_; likewise for the other
J

matrices.

Robust Huber-based divided-difference filters have been
developed in [1], including both first and second-order filters. The
following sections summarize the second-order filter (DD2). The
results on the first-order filter (DD1) are conceptually similar to the
DD2 and can be found in [1]. Note that these filters are nonadaptive in
nature.

The DD?2 filter makes use of both first and second-order divided
differences to approximate nonlinear transformation of the state and
covariance. The following matrices of first-order divided differences
are defined as

1 . A - A P
S, = E[F;(x + 8 0 1) — Fi(x, — s, v, )] (16)
, Lo .
S, = E[Fi(xkv v+ sy 1) — Fi(X v —cs, )] (A7)
She, =5-[Gix + e8, Wi, 1) — Gi(X — ¢Sy, Wi, 1)] (18)
Xk 2c i j

1
S G(Xp, Wy + ¢y, 1) — Gi(Xy, Wy — cs,, . 1)) (19)

YW ; = 2_(,‘[

where c the divided-difference perturbing parameter and (i, j) refers
to the (row, column) indices of the divided-difference matrices.
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The matrices of second-order divided differences are defined as

Vet =1 . .
S;/;q Py —[Fi(X; + ¢S, v, 1)
+ Fi(%, — Sy, Sy Vg 1) — 2F (%, 0, )] (20)
Vet -1 .
St :T[Fi(xks Ui+ CSy, 0 1)
+ Fi(%, v — Sy, 1) — 2F (%, vy, 1)] (21)
Ve -1 _ o
S;’rk = T[G,(x + Cs).‘,-’ Wy, tk)
+G (x X ,wk,tk)—ZG (xk,wk,tk)] (22)
/2
S;uk =2 [G (X, wy + sy, 1)
+ G;(x,wy — ¢y, 1) — 2G (X, Wy, 1)) (23)

The state, state root-covariance, measurement, and measurement
covariance predictions are given by

_ 2 —n,—n,
X1 = 2

2 52 Z[F(xk + Csxk Vi 1) + F (% —

)F(-ikv Vg, 1)

vrk vk’ [k)]

ny

1 - -
+ ?;[F(xk, v+ €Sy s t) + F(x;, v, — €Sy, )] 24

xH_] - H([ Sxxk S;UL S;,x‘ Sika ]) (25)

_ 2 —n,—n,
Ye=\—"7""®©%7 "
2

ny

2 53 Z[G(xk + CSxA Wy, 1) + G(x, —

)G(J_% wy, 4)

_xk Wi, 1)]

My

1 _ o
+ ﬁZ[G(xkv Wi + CSy ) + G(x, wy — CSuy, s 1,)] (26)
=

w=HCSw S Sy S @27)

where n, is the size of the state dimension, n, is the size of the process
noise dimension, and n, is the size of the measurement noise
dimension.

The state and root-covariance update equations are given by

SY =H(S,, %" 8, s e s, )

(28)
K" =8, w7 (s5)s5))! (29)
=%+ K/E”(Yk - Yo (30)

Sxk — H([ S_Xk‘l,;l/z K(US/ ‘I,*l/2 K(I)S/

YW

YXk

where ¥, and W, are diagonal matrices computed from the Huber ¥
function, with residuals that take the form

_ Su O Vi — Vi
§—|:0 571]'{&({0)_@ (32)

X

where the superscript (0) refers to the initial state estimate.

III. Adaptive Tuning for Unknown Noise Statistics
A. Myers-Tapley Method

An intuitive approach to adaptive state estimation is proposed by
Myers and Tapley [4]. In this approach, the measurement residual
sequence is mined to produce estimates of the measurement noise
statistics, and state prediction residuals are mined to compute
estimates of the process noise statistics. The estimators make use of a
buffer of N stored measurement noise and process noise residuals to
compute the noise statistics. In batch form, the estimator for the
measurement noise covariance can be derived by first defining the
empirical covariance matrix

R - -7
C; =m;(c,- —9E,-¢) (33)

where & is the jth stored measurement residual, and f is the sample
mean of the residuals:

N
E=(1/N)> ¢,
=1
The expected value of Cy is [4]
| R
_ T
EIC] =R+~ ; HPH' (34)

By substituting Eq. (33) into Eq. (34), an estimate for the
measurement noise covariance matrix is

12[@/ R e PR

To form estimates for the process noise statistics, the process noise
sample is defined as A; = £; — X;. Then, the empirical covariance
matrix for A is

j - -
712@_, — ;-1 (36)
j=1
where
_ N
A=(1/N)Y A
j=1

The expected value of C,, is [12] E[C;] = K, H P, = P} + Q — P,,
where Pj is the propagated covariance without the process noise
component, given by P} = ®,_ lPk @7 | where ®,_, is the state
transition matrix. It follows that an estimator for the process noise

covariance matrix is [4]
N = s
)(Pj — Pj)] 37)

N j— - - (N-—
:m;[(x_,—x)(x,—x) - (—

An adaptive filter can function by using some initial guess of the
measurement noise and process noise matrices, storing the residuals
for the first N frames, and then updating the covariance estimates

K S KSR 31
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based on Egs. (35) and (37) at each subsequent frame. It is important
to note that the Myers—Tapley method for adaptively estimating the
measurement noise and process noise covariance matrices make use
of the sample mean and covariance of the stored residuals, which are
nonrobust estimators. This lack of robustness implies that the
performance Myers—Tapley adaptive method can degrade in the
presence of non-Gaussianity. Therefore it is of interest to develop a
modification of the Myers-Tapley approach that is robust with
respect to non-Gaussian distributions, which is the subject of the
following section.

B. Modified Myers-Tapley Method
1. Outlier Identification

In this section, two outlier identification methods are discussed.
The first method is a classical technique that is based on the weighted
Euclidean norm of the separation between a possible outlier and the
sample mean, known as Mahalanobis distances. The weighting in
this method is based on the sample covariance matrix. The second
method, known as projection statistics, is arobust approach in which
the sample mean and covariance are replaced by the sample median
and the median absolute deviation, respectively. The latter method is
said to be robust because it is insensitive to clusters of outliers, unlike
the classical method.

Given a cloud of m points in n dimensions represented by the
vectors k; fori = 1, - - -, m, the Mahalanobis distances are defined as

M, = th,— Y, — ) (38)

where h is the sample mean and C is the sample covariance matrix,
given by the equations

m

>, (39)

i=1

};:

3=

_;m _h EAY
€ =g 20— =) (40)

respectively.
The Mahalanobis distances can also be expressed as the solution to
a maximization problem of the form [5]

[hTv — 375 AT
= max (41)
[vll=1 \/ﬁzz;l(h]{v _i ;_nzl h}"v)Z

The Mahalanobis distances represent the surface of an n-
dimensional ellipsoid centered at the sample mean. The square of the
Mahalanobis distances follow a x? distribution with n degrees of
freedom, assuming that the input data are Gaussian. Therefore, an
outlier identification method is to consider all points satisfying

M i > X%,a (42)

to be outliers, where « is the probability that a value falls inside the
ellipse (for example, o = 0.95).

While the Mahalanobis distances are simple to conceptualize and
easy to compute, the method suffers from sensitivity to clusters of
outliers. This sensitivity is due to the masking effect, in which it is
possible to find groups of points with nonzero errors that can sum to
produce very small residuals. The masking effect in the Mahalanobis
distances is related to the sensitivity of the sample mean and
covariance, which are not robust estimators. In the case of clustered
outliers the sample mean can be pulled toward their direction and
away from the main cluster of data, which serves also to increase the
size of the sample covariance. In effect, these sensitivities serve to
hide or mask the cluster of outliers since their associated
Mahalanobis distances will not be larger than the main group of data.
See [13,14] for further information on the masking effect and
sensitivity of the Mahalanobis distances.

A robust approach to the problem of outlier identification is to
replace the sample mean and covariance in the equation for the
Mahalanobis distances, Eq. (41), with the sample median and the
median absolute deviation from the median [35]. These estimators of
location and scale are known to be robust with respect to outliers and
therefore it is expected that the computation of a Mahalanobis-like
quantity based on these parameters will also be robust with respect to
outliers. These quantities are known as projection statistics, and are
defined as the solution to the maximization problem

_ [~] v — median(h]v)||
R median(|| 2] v — median(h!v)|)

i } 43)
where ¢ = 1.4826 in the denominator is a correction factor to ensure
unbiasedness [15]. The maximization problem can be approximated
by considering only the directions that correspond to the unit vectors
of the individual data points relative to the median of the point cloud.
An algorithm for computing the approximate projection statistics is
given in [16].

2. Robust Covariance Estimation
The Myers-Tapley adaptive tuning method can be modified in
order to account for non-Gaussianity by means of using the robust
covariance estimates based on the projection statistics of the stored
residuals. In particular, the measurement and process noise
covariance estimates can be written as
1

i =[S 1] [ St - Eaws - 67]
i=1 i=1

— median;cy[(H,P}*)¥;" (H,P)*)"] (44)

. N -1 N _ _
0= [Z w, — 1] : [Z(wx,xi —A)(wy A — w}
i=1 i=1
— median;cy (P} — f’j) (45)

where w,, and w,, are the weights based on the projection statistics of
the measurement and process noise residuals, respectively, and

(B [l

i=1

_ N —1 N
L= ][] (46)
i=1

i=1

where w; are weights computed from the statistics by means of
w; =min[1, (x2,/P?)], for some specified probability a.

The matrix R* is related to the measurement noise covariance
estimate as

A D231, pl/2
R* =R, (R (47)

where \II;.' is the median value of the W, matrix across the buffer of
stored observations and residuals. The estimate of the measurement
noise covariance matrix can be determined from a square-root
decomposition of Eq. (44). Specifically,

R=(R")"/W, (R (48)

Note that in the DD1 and DD2 filter formulation, the quantity
(H;P}*)W.'(H,P}*)" is replaced by S,; W;'S|;. 7 (DDI) and
H( Sz, w2 S ;2 ]) (DD2) for the measurement noise
covariance estimation. Similarly, the quantity P; = d)k_]ﬁk_] oI
is replaced by S'; S, 7 (DD1)and H([Sy;, 87, ]) (DD2) for the
process noise covariance estimation.

As noted in [4], numerical issues can arise, particularly with small
buffer sizes, in which the noise covariance estimates can become
negative definite. Here, the same approach suggested in [4] can be
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used to guarantee that numerical issues like these do not occur in

practice. Namely, the diagonal elements of Rand Q are reset to their
absolute values.

3. Estimation of the Contamination Parameter

The modified Myers—Tapley approach discussed in the previous
section can also offer a crude scheme for estimating the contami-
nation parameter € by using the weighting parameters relating to the
stored residual data. In particular, a crude estimate of the
contamination parameter is

. ¢
ekZI_NZw{' (49)

=1

At each frame where the measurement and process noise
covariances are computed, the contamination parameter can be
estimated directly from the weighting parameters. Then, the optimal
tuning parameter can be calculated from the guidelines provided in
[10], which is then used within the Huber filter at each measurement
update. Note, however, that it should be expected that the estimated
contamination parameter will in general be biased as in cases of large
contamination there will be some portion of errors drawn from the
contaminating distribution that appear to be drawn from the nominal
distribution, in other words false-negatives or the so-called Type 2
errors in detection theory. Likewise in cases of small contamination
there will be some nonzero quantity of data that appear as outliers
when they are in fact perfectly valid, in other words the Type 1 error
in detection theory.

The bias of the contamination parameter is not necessarily
problematic, so long as upper and lower bounds are set on the value of
the tuning parameter y used in the Huber measurement update.
Clearly, the Huber technique is by nature a suboptimal filter, since the
purpose is to find a filter that is consistent across a range of
distributions but not necessarily optimal at any one in particular.
Therefore one could expect the performance of the technique to
improve by having good estimates of the contamination parameter,
but so long as the tuning parameter is bounded by some reasonable
value then the robustness properties of the estimator will not be
compromised by such a bias.

4. Fading Memory Filter

In the course of computing the estimates of the measurement and
process noise covariance matrices, as well as the contamination
parameter estimates, it is useful to introduction a “forgetting” factor,
kf, in order to smooth the estimate histories. The filter can be
implemented as [12]

iék = kfiék,l + (1 - kf)IAek (50)
Qk:kfék—l + (1 _kf)Qk (€8]
€x =k + (1 —kp)é, (52)

In this approach, the estimates based on the current set of stored
residuals is averaged with the previous estimate, with k, as a
weighting parameter, where small values lead to rapid response of the
estimates and larger values provide a smoother response. In general
the recommended value of k, depends on the particular application
and can be treated as a tuning parameter.

IV. Application to Elliptical Orbit
Rendezvous Navigation
A. Rendezvous Dynamics
The development of the 6-DOF rendezvous equations of motion
requires the definition of several coordinate systems. First, a planet-
centered inertial frame, Z, is introduced. This frame is aligned with
the target spacecraft orbit (assuming no perturbations) such that the

x axis is oriented towards the periapsis, the z axis is oriented along the
positive orbit normal, and the y axis completes a right-handed
system. The local, or £, frame has its origin located at the position of
the target spacecraft and is defined such that the z axis is oriented
toward the center of the planet, the y axis is oriented along the
negative orbit normal, and the x axis is in the transverse direction,
completing the right-handed system. The Z and £ frames are
illustrated in Fig. 1.

The chaser body frame is denoted by 3 with right-handed axes. It
is assumed that the various sensors carried onboard the chaser
spacecraft produce outputs referenced to this body frame. These
sensors are introduced in later subsections, following the develop-
ment of the equations of motion.

1. Rotational Dynamics

The rotational kinematics are represented using the MRPs, which
are defined in terms of the quaternions (g, ¢, ¢3, q4) as [6,17-19]

4 nf?
o= T+ a —etan(4) (53)

where ¢ = (q,, ¢». q3) is the vector part of the quaternion, g, is the
scalar part of the quaternion, e is the principal rotation axis, and 6 is
the principal rotation angle. The MRPs have several useful properties
for describing attitude kinematics for navigation and control
problems. In particular, a simple singularity avoidance technique can
be used to provide globally nonsingular attitude descriptions. This
property is described in detail in [7], along with the covariance
transformations that must accompany the singularity avoidance
technique.
MRPs satisfy the kinematic differential equation [6]

1 1
o= ZB(a)w = Z[(l —oTe)I + 20" + 2007 |® (54)

where @ is the angular velocity.
The dynamic equations describing the change in angular
momentum are the well-known Euler equations

o=-I"0lw+I't (55)

where o is the inertial angular velocity of the body, I is the inertia
tensor of the vehicle, and 7 is the net control and/or disturbance
torque. The relative angular velocity between the chaser and the £
frame is @ = @ — L where 2 is the angular velocity of the £ frame
(with all quantities represented in the spacecraft B frame). By solving
for @ and substituting into Eq. (55), the dynamic equation for the
relative angular velocity becomes

§0 = T 18w Iw — 1718”1 — 'R [
QIR + R + T (56)

The angular velocity @ is given by = T(0)[0 —w, 0],
where o is the MRP representing the transformation from the £ frame

Elliptical Orbit

Periapsis

“® Chaser
Fig. 1 Illustration of Z and L coordinate frames.
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to the B frame, T'(o) is the transformation matrix, and w, is the
angular velocity of the reference orbit.

2. Translational Dynamics

The translation equations of motion for a spacecraft relative to an
elliptical Keplerian reference orbit are well known and can be written
as [6]

X

X—Zwoé—cboz—w(z)x+[x2+y2+(r0_z)2]3/2:ux+vx
(57)

. 1Ly
=u, +v, 58
TR o T 9
'z'+2a)05c—|—d)0x—a)%z—|—ﬁ— Mro=2) =u, +v,
N S S G L K
(59)
i"o—roa)%—i—%:O (60)

0

)y

@y + 00 61)

To

Here, x is the in-track position component, z is the position
component along the negative radial direction, and y is the position
along the negative orbit normal direction. The variables r, and w,
correspond to the radius and angular velocity of the reference orbit,
and p is the gravitational parameter of the planet. It is convenient to
introduce a transformation of variables such that the equations of
motion are in spherical coordinates centered at the reference point
[20]. Such a transformation can be found by setting

X = pcos¢cos (62)
V= psing (63)
7= —pcos¢sinb (64)

where p is the range between the target spacecraft and the
maneuvering spacecraft, 6 is an azimuth angle in the reference orbit
plane measured from the x axis, positive toward the —z direction, and
¢is an out of plane angle measured from the x-z plane positive toward
the y axis. After the substitution of this transformation the equations
of motion become

B = (wy — 0)2pcos’e + pg” + %sin fcos ¢
0

w(p + rycos ¢sin 6)
(r2 + 2rgpcos ¢ sin O + p?)3/?

+u,+v, (65)

. . D . 6

92@0_|_z(wo_9)8_2(w0_9)¢tan¢+licosz SCC¢
P Top

Jrycos Osec ¢

- p(rf) + 2rypcos¢sin 6 + p2)3/2

+ Ug + Vg (66)

6= —L(wy— 2 sin2¢—%—7usmfsm¢
2 P Top
JLFg sin Bsin ¢

+ /O(r(zJ + 2rypcos¢sin 6 + p2)3/2

+ M¢ + U¢ (67)

where the control inputs are

u, = u, cos 0cos ¢ + u, sin¢p — u, sin f cos ¢ (68)

B 2ropsin?0 + (r3 + p?) sin O sec ¢
Ho= x|: p(r3 + 2rgpcos ¢psin O + p?) ]
2rgpcos Osin O + (r3 + p*) cos Osec ¢
- |: p(r3 + 2rgpcos ¢psin O + p?)

} (69)

uy = —u, cos fsin ¢ +u, cos ¢ tu, sin 6sin ¢ (70)
o o o

with similar relations for the process noise inputs.
The translation equations of motion can be written in the form

i=f0.0.0+u+v (7D

where p=[p 60 ¢],
[v, v v,]".

u=[u, uy uyl” and wv=

B. Rendezvous Guidance and Control

This section develops 6-DOF guidance and control schemes for
rendezvous in elliptical orbit. These guidance and control schemes
are fairly simple in nature, but they are adequate for the purposes of
illustrating the navigation filter performance during rendezvous
maneuvers.

1. Translational Guidance and Control

Given a commanded translational reference trajectory, 1., a
translation error state can be defined as 8§ = n — 5,.. This error state
obeys the differential equations

§ij =i —ij. = f(n. 0. 0) +u +v—ij, (72)

This system can be controlled by using a feedback linearization of
the form

u=i.—f(.9.1— K, — K;5 (73)

By substituting Eq. (73) into Eq. (72), the closed-loop system
becomes

8ij + K, 81 + K;6i = v (74)

This closed-loop system is asymptotically stable in the absence of
disturbance inputs for any gain matrices K, > 0 and K, > 0. Note
that nonzero disturbance accelerations result from both model error
and feedback error due to erroneous state estimates from the
navigation outputs. This mixture of deterministic and stochastic
disturbances suggests a gain design using a suboptimal H
approach, which is described in [20].

Itis assumed here that a suitable reference trajectory 3, is available
to provide the guidance commands. In general this trajectory can be
specified using a multitude of approaches depending on the specific
nature of the rendezvous and docking sequence and path constraints
for a particular spacecraft application.

2. Attitude Guidance and Control

Attitude guidance commands are generated by solving for the
MRP o, that provides zero azimuth and elevation angles so that the
radar boresight is aligned with the target vehicle. The following
system of nonlinear algebraic equations is solved at each guidance
cycle:

a.(o.)=0 (75)
g.(0.) =0 (76)
¢.(0.) =0 (7
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_ 80,05 +40,(1 — 0’ 0)
N (1+070)?

(78)

A zero-order hold is applied to the MRP attitude commands in
order to generate a MRP rate command. The rate command is
computed using a backward difference derivative between the
current MRP command and the lagged MRP command. The
commanded MRP and MRP rate are the inputs to the attitude control
law.

Given the commanded MRP and MRP rate, o, and o,
respectively, an attitude control law to track these commands can be
constructed using the multi-input backstepping method [21]. Here,
the control design is split into a sequence of two subproblems. First,
the angular velocity is assumed to be a control, which is chosen to
stabilize the attitude kinematics. Next, torque commands are
generated in order to track the desired angular velocity. To construct
this controller, an error MRP is defined as §o0 = 0 © o, where ©
indicates the MRP subtraction rule [6]. The error MRP obeys the
kinematic differential equation

80 = %B((Sa)&o (79)

Assuming the relative angular rate éw = v(é0) can be chosen
arbitrarily, a Lyapunov function can be constructed in order to
stabilize the relative MRP kinematics. To this end, a candidate
Lyapunov function is V(86) = 2k, (w(1 + 07 80) where k, > Oisa
gain.

Making use of an identity in [6], the candidate Lyapunov function
rate is

Table 1 Initial conditions

Initial state Mean Standard deviation
0(0), km 1.0 0.005
0(0), deg 180.0 0.25
$(0), deg 0.0 0.25
£(0), m/s —0.266 0.05

oy, rad 0.0 0.0175
0,, rad 0.0 0.0175
o3, rad 0.0 0.0175
B, deg /hr 0.0 1.0

B,, deg /hr 0.0 1.0

B3, deg /hr 0.0 1.0

o, km 1753.1 0.01

6y, deg 0.0 0.001
o, M/S 0.0 1.0-1073
éo,deg/s 9.619-107° 1.0-107°

By choosing the function v(d0) = —K, 8o, where K, > 0, the

Lyapunov function rate becomes
V = —k,806"K, 80 <0 81

According to Theorem 4.2 in [21], the relative kinematics are
asymptotically stable with this choice of function v(8o) since the
function V(§0) is positive definite with negative definite rate.

Next, control torques must be provided that cause the spacecraft
angular velocity to track the desired angular velocity
dw = v(80) = —K,d0. An augmented Lyapunov function can be
introduced as

V, (b0, w) = V(60) + = [Sw —v(80)]"[6w — v(50)] (82)

The Lyapunov function rate is

Vv, (80, 8w) = 3 80 + [bow — v(80)]" |:8w - %80}

1oV v
= 17950 BU0)v 60 )+4aa

+ [6w — v(80)]" [—H“waﬂ&o — I8 IR — I~'2*15e

B(60)[6@ — v(60)]

IR + 2 + 1717 —la—B(Ea)Swi| (83)

By choosing the control input

7= 80 8@ + Sw*IR + *[ew + XXX — IR

; 385 B(50)6w —41[8—‘/3(3 )] _IK, [0 — v(0)] (84)

Table 2 Sensor specifications

Measurement  Standard deviation
N, deg /s 1.8-1071
ng, deg /s 1.8-10781
N4> m/s? 0.11

S, ppm 500

o0, m 0.1

o, deg 0.05

g, deg 0.05
80, deg 0.051
80, deg 0.051
rp, M 0.1

0,, deg 33-107
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By substituting the appropriate expressions for V(§0) and v(§0),
the control torque 7 is

7 = 80*I8® + S0 IR + *[$w + >IN — IR

where K, > 0, the Lyapunov function rate becomes
V,=—60"K, 80 — [bw — v(60)]"K,[8e — v(86)] <O  (85)
Since the function V is positive definite and radially unbounded

with a negative definite rate, it follows from Lyapunov’s direct
method (Theorem 4.2 in [21]) that the origin of the closed-loop

1 k
- Z]IK(,B(SG)Sw - ?”]I(Sa —IK,[6w + K, S0] (86)

Substituting this control law into Eq. (56) and linearizing about

system is globally asymptotically stable.

(60, bw) = (0, 0) yields
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Fig. 3 Gaussian simulation results: position.
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1
Z(S(l)

S0 = 87)

S& = _(’% I+ Kng)sa - (Kw + %KJ)&‘) (88)

Following a similar logic as that discussed in the translational
controller section, the gains can be chosen according to a suboptimal
H_, controller development [20].

C. Rendezvous Sensors

Vehicles performing autonomous rendezvous maneuvers must
make use of a wide variety of navigation sensors to estimate the
trajectory and perhaps other relevant parameters in order to
successfully complete the mission. This section discusses the
modeling of sensor systems whose data can be processed to estimate
the relative position, velocity, and orientation of the chaser vehicle.

1. Inertial Measurement Unit

An IMU is a device which measures applied accelerations and
angular rates by using a system of accelerometers and gyroscopes.
The gyroscope system can be represented mathematically by using
Farrenkopf’s model. In this model, the sensed angular velocity if
expressed as the true angular velocity with an additive bias and white
noise. The bias term is itself a slowly varying parameter driven by
white noise. The model can be expressed as [22]

®=0+p+7, (89)

B =g (90)
where @ is the sensed inertial angular velocity, @ is the true inertial
angular velocity, B is the measurement bias, and 7, and 5y are
unbiased and uncorrelated random vectors with variances given by
02 and 0/%, respectively. Discrete-time simulated gyroscope
measurements can be generated according to this model by use of
the equations [23]

2

1 ) 1/2
At At) n, 1)

@y =0+ (ﬂk+1 + B + (0

B i+1 = Bi + 0p(AD)ny (92)
where k refers to the time increment, At = t, | — t,; is the sampling
interval, and n,, and ng are unbiased, uncorrelated, unit-variance
random vectors.

An accelerometer system measures the accelerations applied to the
spacecraft. A model for acceleration measurements including scale
factor and noise errors is

a, =1+ 9a,+1, (93)

KARLGAARD AND SCHAUB

where a,, is the true acceleration at the IMU location, a,, is the sensed
acceleration, 5, is the measurement noise, and § is a diagonal matrix
of constant scale factor errors. The accelerations at the vehicle center
of mass can be calculated froma = a,, — (®* + @*®*)r,, where a
is the center of mass acceleration and r,, is the position of the IMU
with respect to the vehicle center of mass.

2. Star Tracker Sensors

It is assumed that a star tracker or some other attitude sensor is
available to provide corrections to the attitude estimates formed by
direct numerical integration of the angular velocity measurements.
The star tracker is assumed to output an estimated MRP that relates
the orientation of the body to the inertial frame. The estimates are
assumed to be unbiased but with a superimposed random
measurement noise. The output from such a sensor can be expressed
as 0; =0;+ 80 where o, is the MRP representing the true
orientation of the vehicle with respect to inertial space, ; is the
“measured” MRP, and o is an error MRP with covariance matrix
denoted by R. For instance, the measured MRP could be an output
from the algorithm described in [24], involving vector measure-
ments. The inertial attitude MRP, o, can be written as a function of
the relative attitude, o, and the inertial orbital position angle 6.

3. Laser/Radar Navigation Sensors

A radar or laser sensing system provides range, azimuth, elevation
measurements between the sensor and the target. These measure-
ments can be modeled as

COS (X COS &
sina cos €
sing

0 =T(o)r — or, (94)

where o is the range, « is the azimuth angle, and ¢ is the elevation
angle. Here,r =[x, y, z]”isthe Cartesian relative position in the
local frame and dr is the sensor position in the body frame. It is also
assumed that the relative attitude between the target and chaser can
also be determined in addition to range and bearing by the laser
sensing system. This relative attitude is modeled in the same manner
as the inertial attitude sensor given in Sec. IV.C.2, namely that
6 = 0 + 80 where ¢ is the measured relative MRP, o is the true
relative attitude MRP and do is an error MRP.

4. Orbit Sensor

A wide variety of sensors can be used to estimate the orbit of the
spacecraft. For example, Global Position System orbit determination
sensors can be used to Earth orbiting and some lunar orbit cases [25].
In other cases, such as lunar orbit, autonomous orbit determination
can be accomplished using optical sensors and landmark tracking
[26]. For the purposes of this paper, it is assumed that some general
orbit determination sensor is available for use in the state estimator.
This sensor is assumed to provide position data in the form of radius
ro and orbit angle 6, measurements.
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Fig. 4 Gaussian simulation results: covariance and contamination.
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D. Numerical Simulations
1. Overview and Simulation Setup

This section described the application of the robust/adaptive
filtering algorithms to the problem of 6-DOF rendezvous navigation
and control in elliptical orbit. Here, the navigation filters are used
inside the control loop as state observers.
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The specific example discussed in this section involves terminal
rendezvous maneuver in a 15 by 75 km altitude lunar orbit. This orbit
is typical of intermediate phasing orbit during ascent from the lunar
surface. Hypothetically, the lunar ascent vehicle could have failed,
leaving it stranded in such an orbit. Therefore, a CEV/Orion-like
vehicle must maneuver from a circular parking orbit, typically
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Fig. 5 Gaussian simulation results: closed-loop system performance.
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100 km altitude, to rendezvous with the lunar ascent vehicle. This
problem assumes that the midcourse maneuvering and phasing has
already been accomplished such that the initial conditions of the
maneuvering vehicle are 1 km behind the target vehicle in the in-track
direction. The rendezvous trajectory begins with a constant closure
rate from 1 km to 100 m over a duration of half an orbital period (in
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this problem, one orbital period is approximately 113 min). At this
point, the vehicle is commanded to execute a circumnavigation of the
target vehicle at a constant range of 100 m over one orbital period.
Finally, the vehicle executes a glideslope maneuver using a Space
Shuttle-based exponentially decaying range rate guidance scheme
[27] with decay rate of 0.2% over a time span of half an orbital period.
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Fig. 6 Non-Gaussian simulation results: position.
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These guidance commands are shown in Fig. 2. Attitude commands
are generated such that the vehicle remains pointed at the target
throughout the maneuver. The guidance commands are generated at a
rate of 4 Hz. The control laws and navigation filter update rates are at
4 Hz. The inertial navigation sensors operate at 20 Hz. Control force
and torque limits were set to 1779.2 N and 5337.6 Nm, respectively.

The nominal vehicle mass properties correspond to a total mass of
1.1-10° kg with inertia tensor given by

2.9441 0.0368 0.3680
I =10*-|0.0368 3.6801 0.0074 | kg-m? (95)
0.3680 0.0074 3.6801

Monte Carlo simulations are conducted for this problem for
several different navigation filters. In particular, the extended
Kalman filter and first- and second-order divided-difference filters,
including Huber implementations, Myers—Tapley adaptive imple-
mentations, and combined Huber—Myers—Tapley adaptive filtering
methods. Results are shown in the following subsections for both
Gaussian and non-Gaussian cases.

2. Gaussian Simulation

Rendezvous simulation conducted with pure Gaussian errors are
described in this section. The initial conditions of the maneuvering
vehicle are at the time of perilune passage of the target vehicle and are
provided in Table 1. Table 1 shows the true value of the initial
conditions, the estimate of the initial conditions for filter
initialization, and the components of the initial variance matrix for
filter initialization. The initial state errors are uncorrelated in this
simulation. The vehicle mass properties are dispersed by multiplying
the total mass by a Gaussian random variable with standard deviation
of 0.5% and a inertia tensor uncertainty by the mass multiplier
coupled with a uncorrelated random axis uncertainty with 0.5 deg
standard deviation in yaw-pitch-roll Euler angles.

The navigation sensor uncertainties are summarized in Table 2,
which shows the measurement standard deviations for the gyro
parameters (7, and 1), the accelerometer errors (3, and S), the
rendezvous LIDAR sensor errors (o, «, &, and é0), the star tracker
errors (80;) and the orbit sensor errors (r and 6). For this simulation,
the errors are cast as uncorrelated Gaussian random numbers with
standard deviations given in Table 2. The filter measurement noise
and process noise matrices are set according to the sensor errors in
Table 2 without error in the assumed values. In this simulation, the
accelerometer scale factor errors are not modeled in the filter
formulation as state variables in order to provide a mismatch between
the true measurements and the modeled measurements in the filter.

Results are shown from the first- and second-order divided-
difference filters (DD1 and DD2), including Huber implementations
(H-DD1 and H-DD2), Myers—Tapley adaptive implementations
(A-DD1 and A-DD2), and combined Huber-Myers—Tapley adaptive
filtering methods (AH-DD1 and AH-DD2). The adaptive filters use a
buffer size of 500 samples in the procedures to estimate the
measurement and process noise covariances. Results from the

extended Kalman filter approaches are essentially identical to the
first-order divided-difference filtering approaches, both being first-
order filters, and therefore are omitted from the rms error plots in an
effort to keep the results clear.

Figure 3 shows the position rms error results. The upper row shows
the actual rms error plots for the position variables p, 6, and ¢ while
the lower row shows the predicted rms errors based on the filter
covariance matrix. Although the differences between the perform-
ance various filters in this case is small, it is possible to discern a
slightly better performance in the Gaussian-based filters such as the
DD1 and DD2. Note in this simulation that the measurement and
process noise cases were initialized without error. Therefore, the
adaptive filters do not perform as well as the nonadaptive filters since
their measurement and process noise covariances are not exact
estimates due to the finite sample sizes used in the buffering
technique.

The predicted rms error results show the trend that the adaptive
Gaussian filters (A-DD1 and A-DD?2) exhibit the smallest error
prediction. This trend is due to the adaptive tuning of the filter in real
time, which has the effect of reducing the state error covariance
matrix. This reduction is erroneous, since the actual rms error results
are higher due to the introduction of error into the measurement and
process noise covariances. The Huber-based filters (H-DD1 and
H-DD?2) correctly predict that the rms error should be higher than the
other filters. The adaptive Huber filters (AH-DD1 and AH-DD2)
have a slightly lower rms error prediction than the nonadaptive Huber
filters due to the adaptive tuning.

Figure 4 shows a comparison of results for the adaptive filters
investigated in this study. Figure 4a shows the rms estimation error of
the (1, 1) component of the measurement noise covariance matrix,
which corresponds to the range measurement from the LIDAR
sensor. Here, the A-DD2 exhibits the best performance, which is
expected since the errors are purely Gaussian and since the DD2 filter
has the benefits of capturing second-order terms in the state error
covariance estimates. The Huber-based estimates exhibit higher
errors due to the reduced statistical efficiency of the projection
statistics algorithm for purely Gaussian errors. Figure 4b shows the
(1, 1) component of the process noise covariance estimate. In this
case differences between the various adaptive filters is not as obvious,
thought the A-DD2 filter shows slightly better performance than the
others. Figure 4c shows the results of estimating the contamination
parameter in the Huber-based adaptive filters. Here, both filters AH-
DD1 and AH-DD2 are able to reduce the error in the assumed
contamination parameter.

Finally, the closed-loop system performance results are shown in
Fig. 5. These plots show the true position and attitude rms error
results in the upper and lower rows, respectively. The relative
performance of the system is not significantly different between the
various filters, although Gaussian filters DD1 and DD2 show slight
improvement. This result is expected since the errors are purely
Gaussian and the filters have perfect knowledge of the measurement
and process noise covariance matrices.

To summarize the results of the Gaussian simulation, the overall
trends follow the expectation that the Gaussian DD1 and DD?2 filters
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Fig. 7 Non-Gaussian simulation results: covariance and contamination.
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should have the best overall performance since the errors in the
simulation are purely Gaussian and these filters have perfect
knowledge of the measurement and process noise covariance
matrices. However, the differences between the various filters is
fairly small, implying that for the benign Gaussian case the
navigation filters are essentially identical in overall performance.
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3. Non-Gaussian Simulation

In the Non-Gaussian case, the noise samples are drawn from a
Gaussian mixture model with 15% contamination from the higher
variance distribution. In an effort to stress the filters, the standard
deviations of the primary Gaussian density of the mixture model
were set to 10 times the values provided in Table 1, with the
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Fig. 8 Non-Gaussian simulation results: closed-loop system performance.
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contaminating densities an additional 5 times higher. Additionally,
the true standard deviations are scaled according to a uniform
distribution to be up to twice as high as the assumed standard
deviations in the navigation filter, and uniform random correlation
coefficients were assigned to the true errors on each run. The mean
initial conditions of this simulation is the same as that given in
Table 2, but the true random initial errors are generated according to a
randomly correlated covariance matrix with standard deviations set
to 10 times the value in Table 2.

The rms errors of the position variables are shown in Fig. 6. In this
non-Gaussian problem, the differences between the various filters
become much more apparent. In particular the nonrobust filters suffer
greatly from the contamination present in this simulation. In the
range variable p, the DDI1 filters shows the worst overall
performance, closely followed by the DD2 filter. Interestingly, the A-
DD1 filters exhibits large errors over the first 0.5 hrs of the simulation
before finally settling to the steady state error. The A-DD2 filter
benefits from the inclusion of second-order terms in the system and
measurement dynamics and as a result, does not exhibit the large
initial errors. The A-DD2 shows similar performance to the Huber-
based filters, H-DD1 and H-DD2, which are nearly identical in this
problem, with the differences between these two filters being
comparable to the differences between the Gaussian DD1 and DD2
filters, though the rms errors are smaller by roughly 25%. The best
performing filters are the AH-DD1 and AH-DD?2 filters, which are
essentially identical in this variable. The predicted rms errors show
that the Gaussian filters DD1 and DD2 produce highly optimistic
error estimates, having the smallest error predictions yet the largest
actual rms error. The nonadaptive Huber estimates, H-DD1 and H-
DD2, correctly show slightly larger error estimates. The adaptive
filter A-DD1 has large initial error estimates, which correctly reflect
the large actual errors although the magnitudes are quite different,
with the predicted error being much smaller in magnitude. The
A-DD2, AH-DD1, and AH-DD?2 filters produce the most accurate
error predictions in this particular variable. These same trends can be
observed in the other position variables 6 and ¢, as shown in Fig. 6.

Results of the covariance and contamination estimation for the
adaptive filters are shown in Fig. 7. The rms errors in these plots
indicate that the A-DDI] filter has relatively inaccurate covariance
estimates over the first 0.5 hrs of simulation time for range
measurement error and the range process noise. Once converged to
its steady state error level the magnitudes remain higher than the
A-DD?2 filter, which is expected since the A-DD?2 filter has the benefit
of second-order terms in the process and measurement trans-
formations. The AH-DD1 and AH-DD?2 filters are nearly identical in
performance with the AH-DD?2 filter performing slightly better.

The closed-loop system performance results are shown in Fig. 8.
Here it can be seen that the DD1, DD2, A-DD1, and H-DD1 filter
results have poor performance and essentially diverge in the presence
of the non-Gaussian noise. The A-DD?2 filter also gives erratic
performance, which is more apparent in the attitude response. The
H-DD2, AH-DD1, and AH-DD?2 filters exhibit the best performance
and are able to successfully execute the rendezvous maneuver evenin
the presence of a high degree of non-Gaussian noise with uncertain
statistics. This result is interesting since the H-DD2 filter is
nonadaptive, it is still better able to cope with the errors than the other
filters investigated in this study.

4. Computational Comparisons

The relative computational costs of the various filters is provided
in Table 3. Here, the median computational time is computed for each

Table 3 Computational time comparisons

Filter EKF DDI DD2
Kalman 1.000 1.938 2.124
Huber-Kalman 1.066 2.086 2.272
Adaptive Kalman 1.526 2.302 2.526

Adaptive Huber—Kalman 2.961 4.330 4.659

filter and then normalized by the EKF median computational time to
provide a relative cost comparison. The results show that DD1 and
DD2 filters cost roughly twice that of the EKF. The DD?2 filter costs
only slightly more than the DD1 filter. The Huber-based filters each
cost roughly 7% more than the standard Kalman implementations. In
the adaptive case, the adaptive Huber filters cost roughly 80% more
than the standard Myers—Tapley adaptive implementations.

V. Conclusions

This paper discusses the development of an adaptive discrete-time
robust filtering technique based on a recursive form of Huber’s mixed
minimum ¢, /£, norm approach, combined with a new robust form of
the adaptive Myers—Tapley covariance matching technique. This
new adaptation technique adopts a robust approach to estimating
these covariances that can resist the effects of outliers, based on the
use of projection statistics, which have been previously developed for
robust outlier identification as generalizations of the classical
Mabhalanobis distance measures but have not been applied to the
adaptive state estimation problem in such a manner before.

The hybrid robust/adaptive filtering approaches are applied to the
6 degrees of freedom elliptical orbit rendezvous navigation problem.
Numerical simulations are conducted with both Gaussian and non-
Gaussian error distributions in order to asses the performance of the
filtering techniques. The results indicate that the robust filters provide
the same closed-loop performance as their nonrobust counterparts
for purely Gaussian noise simulations. However for the non-
Gaussian problem, the hybrid robust/adaptive filters are superior to
the nonrobust filters by a considerable margin. Furthermore, the
robust/adaptive filters can estimate the noise covariances and the
contamination ratio in the non-Gaussian case. Therefore, the
adaptive Huber filtering techniques introduced in this paper have
better consistency and are self-tuning.
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